Abstract. We prove a quantitative version of the curve selection lemma. Denoting by s, d, k a bound on the number, the degree and the number of variables of the polynomials describing a semi-algebraic set S and a point x inS, we find a semi-algebraic path starting at x and entering in S with a description of degree (O(d) 3k+3 , O(d) k ) (using a precise definition of the description of a semi-algebraic path and its degree given in the paper). As a consequence, we prove that there exists a semi-algebraic path starting at x and entering in S, such that the degree of the Zariski closure of the image of this path is bounded by O(d) 4k+3 , improving a result in [3] .
Introduction and statement
The Curve Selection Lemma for semi-algebraic sets is the following result. We fix a real closed field R (typically, R = R).
Theorem 1 (Curve Selection Lemma). Let S ⊂ R k be a semi-algebraic set and x ∈S, there exists a positive element t 0 of R, and a semi-algebraic path ϕ from [0, t 0 ) to R k such that ϕ(0) = x and ϕ((0, t 0 )) ⊂ S.
This result, due to Lojasiewicz [4, 5] (see also [6] ), is one of the basic building blocks of semi-algebraic, semi-analytic and o-minimal geometry and it has numerous applications. In this paper we consider this result from a quantitative point of view in the semi-algebraic case. The quantitative study of the Curve Selection Lemma started with [3] . The aim of this paper is to present a different approach and to improve the bound they obtained.
We sketch one of the proofs of Theorem 1, coming from [1] , which is relevant for this paper.
It uses properties of the extension of a semi-algebraic set S ⊂ R k to a real closed field R containing R. By definition Ext(S, R ) is the semi-algebraic set in R k defined as the realization in R k of a quantifier-free formula defining S. By [1, Proposition 2.87], Ext(S, R ) is well defined and does not depend on the choice of the quantifier-free formula defining S.
It also uses the description of the real closure R ε of the field R(ε) (equipped with the order 0 + defined by 0 < ε < r for any positive r ∈ R), as the field of germs of continuous semi-algebraic functions to the right of the origin, and where ε is the germ of the identity function.
We are now ready for the sketch of the proof. Since x ∈S, there exists r > 0 such that the sphere of center x and radius t intersects S for any t ∈ (0, r). Hence, by Tarski-Seidenberg principle [1, Theorem 2.98], the sphere of center x and radius ε intersects Ext(S, R ε ) in a point y ε infinitesimally close to x (i.e. such that y ε − x is smaller than any positive element of R). Since y ε is a k-tuple of germs of semi-algebraic continuous functions, there exists t 0 > 0 and a k-tuple of semialgebraic continuous functions ϕ defined on [0, t 0 ) such that ϕ(0) = x and ϕ(t) ∈ S for t ∈ (0, t 0 ). Note that, denoting ϕ = Ext(ϕ, R ε ), ϕ(ε) = y ε . For more details see [1] .
Before stating and proving our main result we need to introduce a few notions.
Definition 1. Let P be a family of s polynomials of degree bounded by d in k variables with coefficients in an ordered domain D with fraction field K contained in a real closed fields R. The set S ⊂ R k is a P-semi-algebraic set if there exists a Boolean combination Φ of atoms of the form P > 0, P < 0, P = 0, with P ∈ P such that
In order to give quantitative results about the description of a semi-algebraic path we use the following definitions, making precise how we describe points and paths.
Definition 2. A description of a point x ∈ R k is a real univariate representation [1, page 467]
where f ξ , g ξ,i ∈ D[A], f ξ monic, and τ ξ is a Thom encoding [1, Definition 2.29] of a real root a ξ of f ξ , such that g ξ,0 (a ξ ) = 0 and
The degree d of the description ξ of x is the maximum of the degrees of
Denote by D ξ the ring D[A]/(f ξ ) equipped with the sign function sign ξ associating to the image g ∈ D ξ for g ∈ D[A], the sign sign ξ (g) = sign(g(a ξ )) ∈ {0, 1, −1}.
Note that D ξ is not always a domain, since f ξ is not necessarily irreducible in D. However, it is equipped with a ring homomorphism eval ξ to the ordered field 
is the univariate representation describing x. It is of degree 1, and D ξ = D. Henceforth, for ease of notation while referring to elements of D ξ we will omit the "bar" and use the notation g ∈ D ξ rather than the more cumbersome g ∈ D ξ .
A description of a semi-algebraic path ϕ from [0, t 0 ) to R k , with ϕ(0) = x, described by ξ, is given by
, and τ v a Thom encoding of a real root u(t) of f v (a ξ , t, U ) for all small enough 0 < t ≤ t 0 , such that ϕ from [0, t 0 ) to R k defined by
g0(a ξ ,t,u(t)) , . . . ,
is continuous at 0. The degree of the description v is the pair (d v,T , d v,U ), where d v,T is the maximum of the degrees
and d v,U is the maximum of the degrees
The main result of the paper is the following.
Theorem 2 (Quantitative Curve Selection Lemma). Let P ⊂ D[X 1 , . . . , X k ] be a finite set of polynomials, S a P-semi-algebraic set, and x ∈S described by ξ of degree d . There exists t 0 ∈ R, t 0 > 0, a semi-algebraic path ϕ : [0, t 0 ) → R k such that, ϕ(0) = x, and ϕ((0, t 0 )) ⊂ S with a description v of degree
Moreover the description v can be computed with
We prove Theorem 2 as a corollary of a more general result. We denote by S(x, t) and B(x, t) the sphere and the ball (respectively) in R k with center x ∈ R k and radius t ∈ R. We also denote by S(x, ε) and B(x, ε) the sphere and the ball (respectively) in R ε k with center x ∈ Rlε k and radius ε. For any finite family of polynomials P ⊂ R[X 1 , . . . , X k ], a sign condition on P is an element {0, 1, −1} P . If Z ⊂ R k is an any semi-algebraic set and σ ∈ {0, 1, −1} P a sign condition on P, we denote by
and call Reali(σ, Z) the realization of σ on Z. A sign condition σ is called realizable if Reali(σ, R k ) = ∅. We denote by SIGN(x, P) the set of realizable sign conditions at the neighbourhood of x, i.e. the set of sign conditions σ ∈ {0, 1, −1} P such that there exists r a positive element of R such that for every t ∈ R, such that 0 < t < r 
Theorem 3. Let P ⊂ R[X 1 , . . . , X k ] a finite set of polynomials, and
and for every σ ∈ SIGN(x, P), a set Φ σ of semi-algebraic paths ϕ σ (t) defined on 0, t 0 = eval ξ (a0) eval ξ (b0) , such that ϕ(0) = x, and for every ϕ ∈ Φ σ , ϕ((0, t 0 )) ⊂ Reali(σ, B(x, t 0 )), and the set of ϕ(ε), ϕ ∈ Φ σ has a non-empty intersection with every semi-algebraically connected component of Reali(σ, R ε k ) ∩ S(x, ε). The descriptions V σ of the elements Φ σ are of degrees bounded
When D = Z and x = 0, and the bitsizes of the coefficients of the polynomials in P are bounded by τ , the bitsizes of the coefficients appearing in the descriptions V σ , and the numerator and denominator of t 0 can be chosen with bitsizes bounded by
Proving theorem 3
Our strategy is to find points at infinitesimal distance from x inside realizable sign conditions on P with good degree bounds on their definition and to use these points with coordinates in R ε , the real closed field of germ of semi-algebraic functions, to obtain the description of semi-algebraic paths. The algorithm is very similar to [1, Algorithm 13.1 (Computing realizable sign conditions)] except in the last part.
, is a description of x, and note that
We denote R ε, δ = R ε δ , and R ε, δ, γ = R ε, δ γ . We also need the following notation.
Notation 2 (Limit of a Puiseux series). For any real closed field R, the real closure R ε of the field R(ε) equipped with the order defined by 0 < ε < r for any positive r ∈ R, can be described as the field of algebraic Puiseux series in ε. The lim ε function associates to an element y ε of R ε which is bounded over R its limit lim ε (y ε ) ∈ R defined by substituting 0 to ε in the Puiseux series y ε .
(b) For every semi-algebraically connected component C ⊂ S(x, ε) of the realization of a sign condition on P restricted to S(x, ε), there exist ≤ k, i 1 < . . . < i , Q ij ∈ P ij and a semi-algebraically connected component D of
The proof of Proposition 1 uses the following result that appears in [1, Proposition 13.1].
Proposition 2. Let D ⊂ R k be a non-empty semi-algebraically connected component of a basic closed semi-algebraic set defined by
There exists an algebraic set W defined by equations Proof of Proposition 1. Part (a) follows from Proposition 13.6 in [1] .
We now prove Part (b). Let (without loss of generality), σ be the sign condition P 1 = · · · = P = 0, P +1 > 0, · · · , P s > 0, and C ⊂ S(x, ε), the realization of σ restricted to S(x, ε). Consider two points x and y in C. There is a semi-algebraic path θ from x to y inside C. Since the image of θ is closed and bounded, the semialgebraic and continuous function min +1≤i≤s (P i ) has a strictly positive minimum on the image of θ. The extension of the path θ to R ε, δ, γ is thus entirely contained inside the subset T of R ε, δ, γ k defined by
Thus, there is one non-empty semi-algebraically connected component D of T containing Ext(C, R ε, δ, γ ). Now applying Proposition 2 to D and T , we get a semi-algebraically connected component D of some algebraic set defined by
(with 1 ≤ i 1 < · · · < i m ≤ , + 1 ≤ j 1 < · · · < j n ≤ s and ε ij ∈ {−1, 1}) contained in D , and lim γ D is contained in Ext(C, R ε, δ ).
Notation 3 (Substituting a Univariate Representation). Let
where e is the least even number not less than the degree of Q.
Notation 4 (Cauchy bound). Let
(i.e. the leading coefficient of P is c p and its terms of lower degree is c q X q ), with coefficients in an ordered field K, a real closed field R containing K, and C = R[i]. We denote
By [1, Lemma 10 .7], the absolute value of any non-zero root of P in R is bigger than a0(P ) b0(P ) . Algorithm 1 (Computing Local Semi-algebraic Paths).
• Input: a point x described by ξ of degree d and a set of s polynomials,
of degree bounded by d.
and for each σ ∈ SIGN(x, P) a set of descriptions V σ of semi-algebraic paths Φ σ such that for every ϕ ∈ Φ σ , ϕ : (0, t 0 ) → R k , such that such that, ϕ(0) = x, ϕ((t 0 )) ⊂ Reali(σ, B(x, t 0 )) and the set of ϕ(ε), ϕ ∈ Φ σ intersects every semi-algebraically connected component of Reali(σ, R ε k ) ∩ S(x, ε).
• Complexity: • Procedure: -Take as d the smallest even natural number > d.
-For every set of j ≤ k polynomials Q i1 ∈ P i1 , . . . , Q ij ∈ P ij , apply [2, Algorithm 12.17] (Parametrized Bounded Algebraic Sampling) with input Q parameter ε, δ, γ and ring D ξ where
ij . and apply lim γ in order to output a set U of univariate representations
k+2 .
-Compute the Thom encodings of the roots of f and the signs of P ∈ P at the points associated to the univariate representations in U, using [1, Algorithm 10.13 (Univariate Sign Determination)] with input f and its derivatives and the P u , P ∈ P. -For each u ∈ U,
where L is the set of derivatives of f with respect to U and the P u , P ∈ P. This defines a family A ⊂ D ξ [ε, δ] of polynomials which are not identically zero. -Using Cauchy bound (Notation 4) and considering elements of A as polynomials in δ, take c(h(ε)) = min h (ε)∈A c(h (ε)) (with respect to the order 0 + ), where h(ε) the element of A realizing the minimum. -Replace δ by c(h(ε)) in the elements of U and obtain
k+2 , clearing denominators. -For each v = ((f, g 0 , . . . , g k ), τ ) ∈ V, compute using [1, Algorithm 10.13] (Univariate Sign Determination) the signs of the polynomials P v , P ∈ P at the real root of f having Thom encoding τ , and thus obtain a partition of V into non-empty subsets V σ , for σ ∈ SIGN(x, P).
(Restricted Elimination)] and define
-Using Cauchy bound (Notation 4) take
where a 0 = min g∈B a 0 (g), and b 0 = max g∈B b 0 (g).
Proof of correctness. As a consequence of Part (b) of Proposition 1, we have that for every semi-algebraically connected component
where σ ∈ SIGN(x, P), there exists a semi-algebraically connected component D of an algebraic set
with Q i1 ∈ P i1 , . . . , Q ij ∈ P ij , such that lim γ (D ) is contained in Ext(D, R ε, δ ), and moreover, using Part (a) of Proposition 1, j ≤ k. Also, notice that since
D is contained in Ext(S(x, ε), R ε, δ, γ ), and since
It now follows from the correctness of [2, Algorithm 12.17] (Parametrized Bounded Algebraic Sampling), the set of points associated to the univariate representations in U has a non-empty intersection with Ext(D, R ε, δ ) for every semi-algebraically connected D of Reali(σ, R ε k ) ∩ S(x, ε), σ ∈ SIGN(x, P). The correctness of [1, Algorithm 10.13 (Univariate Sign Determination)] allow us to find the Thom encoding of the roots of f and the signs of the polynomials in P at these roots.
The correctness of [1, Algorithm 11.19 (Restricted Elimination)] ensures that the the Thom encoding of the roots of f and the signs of the polynomials in P at these roots is fixed on any semi-algebraically connected component of the realization of a sign condition on A (T, V ) obtained by substituting (T, V ) in pace of (ε, δ) in A(ε, δ). Define by α the sign condition on A (T, V ) satisfied at (ε, δ) and by C the semi-algebraically connected component of Reali(α, R 2 ) such that (ε, δ) ∈ Ext(C, R ε, δ ).
In order to define a point in the extension of C to R ε without changing the Thom encoding of the roots of f and the signs of the polynomials in P, we need to replace δ by an expression c(h(ε)) which is small enough so that no element in A (T, V ) changes sign on the closed segment joining (ε, δ) to (ε, c(h(ε))). This is ensured by taking c(h(ε)) = min h (ε)∈A a0(h (ε)) b0(h (ε)) using the properties of the Cauchy bound [1, Lemma 10 .7] and choosing h which corresponds to this minimum. Now we need to obtain description of paths by finding t 0 so that (t 0 , c(h(t 0 ))) belongs to C, without changing the Thom encoding, the signs of the polynomials in P and the choice of h(ε) ∈ A. This is ensured by taking 
while the number of arithmetic operations performed for computing sample points in R ε, δ k , is bounded by
The sign determination takes
arithmetic operations in D ξ , using the complexity analysis of [1, Algorithm 10.13 (Univariate Sign Determination)].
Using the complexity analysis of [2, Algorithm 12.17 (Parametrized Bounded Algebraic Sampling)] the degree in T of the univariate representations output in U is bounded by N , and their degrees in ε, δ is bounded by N , since Q is a polynomial of degree in X 1 , . . . , X k bounded by 2d + 4 and the degrees in ε, δ, γ bounded by 4. When D = Z, and the bitsize of the coefficients of the input polynomials is bounded by τ , the bitsize of the output univariate representations in U is bounded by
since the total number S of polynomials of degree d in k variables with bitsize bounded by τ satisfies Proof of Theorem 3. Theorem 3 is an immediate consequence of the proof of correctness and the complexity analysis of Algorithm 1.
Proof of Theorem 2 (Quantitative Curve Selection Lemma). Since x ∈S, there exists a sign condition σ ∈ SIGN(x, P) such that Reali(σ, R k ) is contained in S. Such a σ can be obtained by examining the description of S as a P semi-algebraic set and the list SIGN(x, P). So Theorem 2 is an immediate consequence of Theorem 3 without increasing the complexity.
Consequence
We now prove that the degree of the Zariski closure of the image of each path, ϕ σ , σ ∈ SIGN(x, P) in the output of Algorithm 1, is bounded by 4dN 2 N 2 = O(d) 4k+3 . In order to obtain this bound we need to bound the number of intersection points with an hyperplane H of equation
Eliminating U from f (T, U ) and a 0 g 0 (T, U ) + a 1 g 1 (T, U ) + . . . + a k g k (T, U ) gives a polynomial in T of degree 2N × 2dN N 2 = 4dN 2 N 2 = O(d) 4k+3 . So we have proved the following.
Theorem 4. For every σ ∈ SIGN(x, P), there exists t 0 > 0 in R, and a semialgebraic path ϕ σ from [0, t 0 ) to R k such that ϕ σ (0) = x and ϕ σ ((0, t 0 )) ⊂ Reali(σ, R k ) whose Zariski closure has a degree bounded by 4dN 2 N 2 = O(d) 4k+3 . In particular if S is a P-semi algebraic set and x ∈S, there exists t 0 > 0 in R, and a semialgebraic path ϕ from [0, t 0 ) to R k such that ϕ(0) = x and ϕ((0, t 0 )) ⊂ S whose Zariski closure has a degree bounded by 4dN
This is an improvement on the bound
